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On  the  Adlabatic  Theorem  In  Quantum  Theor:;- 

by 

K,  0,  Priedrlchs 

Part  I 

The  adiabatic  theorem  in  quantum  theory  refers  to  a 
situation  in  which  the  original  Hamiltonian  of  a  system  is  grad- 
ually changed  into  a  new  Hamiltonian.   Roughly  speaking,  the 
theorem  states  that  an  eigenstate  for  the  original  energy  goes 
approximately  over  into  an  eigenstate  for  the  new  energy  if  the 
switch-on  of  the  energy  difference  is  sufficiently  slow, 

A  first  treatment  of  the  adlabatic  theorem  was  given 
by  Born  [1]  in  1926  in  the  case  that  the  energy  operator  has  a 
pure  point  spectrum.   Later  on  Born  and  Pock  [2]  supplied  rigor- 
ous arguments  covering  also  the  cases  of  degenerate  spectra,\/ 
A  different  approach  was  given  by  Kato  [ 7] .  An  adiabatic 
theorem  in  a  typical  case  in  which  the  Hamiltonian  has  a  con- 
tinuous spectrum  was  given  by  Snyder  [9].   In  the  present 
paper  both  cases  will  be  dealt  with  systematically. 

To  obtain  a  precise  formulation  of  the  adiabatic 
theorem  one  must  consider  a  manifold  of  Hamiltonians  which  de- 
pend on  the  time  t  and,  in  addition,  on  a  parameter  i   which 
measures  the  degree  of  "slovjness"  of  the  switch-on  process. 
We  suppose  the  transition  from  the  initial  into  the  final 

Hamiltonian  is  attained  during  a  time  interval  t  <  t  <  t, 

°  o  -   -  1 

whose  length  depends  on  T  in  such  a  way  as  to  tend  to  oo together 

The  paper  by  Born  and  Fock  contains  a  bibliography  of  work  on 
the  adlabatic  theorem  in  the  old  quantijm  theory  and  in  classical 

dynamics . 
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with  T.   The  solution  of  the  Schrodinger  equation  associated 
with  the  Hamiltonian  clearly  depends  on  the  parameter  t  and 
one  aims  at  an  asymptotic  description  of  this  solution  which 
is  valid  during  the  whole  time  interval  t  <  t  <  t,  provided 
T,  and  hence  t^  -  t  ,  is  sufficiently  large. 

The  first  term  in  the  asymptotic  expansion  of  the 
Schrodinger  solution  will  lead  to  a  "general  adiabatic  theorem". 

It  is  a  consequence  of  this  theorem  that  every  eigen- 
state  of  the  initial  Hamiltonian^    goes  over  into  an  eigen- 
state  ^    of  the  final  Hamiltonian.  V/e  shall  refer  to  this 
statement  as  the  "special  adiabatic  theorem". 

Born  and  Fock,  and  similarly  Kato,  give  an  estimate 
of  the  order  of  magnitude  of  the  deviation  of  the  first  term 
from  the  exact  solution.   V/e  shall  go  further  and  describe  the 
terms  of  the  asymptotic  expansion  in  the  case  that  the  Hamiltonian 
has  a  pure  non-degenerate  point  spectriom, 

V/e  then  can  determine  -  to  lowest  order  -  the  prob- 
ability that  an  eigenstate  J     of  the  initial  Hamiltonian  does 
not  go  over  into  the  eigenstate  J    of  the  final  Hamiltonian; 
or  -  as  we  may  say  -  that  the  transition  is  not  adiabatic.   This 
probability  is  of  the  order  0(i  ")  , 

The  second  terra  of  the  asymptotic  expansion  derived 

under  the  assiimption  that  all  eigenvalues  of  H(t)  remain  distinct 

is  not  valid  in  the  case  that  two  eigenvalues  become  equal  at 

some  time  in  the  Interval  t   <  t  <  t,  .  Vie   shall  treat  such  a 
o        1 
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case  in  Part  II  of  this  report.   The  problem  is  essentially 
a  turning  point  problem  analogous  to  that  treated  by  Jeffreys, 
Kramers,  Langer,  and  others.   As  a  result  we  find  a  simple  ex- 
pression of  the  order  0(1"  ),  for  the  probability  that  the  transi- 
tion is  not  adiabatic.  Actually  we  shall  treat  only  the  case  in 
which  the  Kilbert  space  of  states  is  two-dimensional.   We  be- 
lieve that  the  results  obtained  are  typical. 

The  knowledge  that  in  first  approximation  an  eigen- 
state  of  the  initial  Hamiltonian  runs  through  eigenstates  of  the 
time  dependent  Hamiltonian  is  not  sufficient  to  determine  the 
first  term  in  the  asymptotic  expansion  of  the  SchrBdinger  solution; 
for,  these  eigenstates  are  determined  only  within  a  factor  of 
absolute  value  1,   This  factor  must  be  characterized  by  an  appro- 
priate condition.   This  condition  can  be  given  in  an  "intrinsic" 
form  which  depends  on  the  nature  of  the  spectrum  of  the 
Hamiltonian.   The  specific  condition  which  is  appropriate  for 
operators  with  a  pure  point  spectrum  was  already  given  by  Pock 
[2].   It  is  remarkable  that  the  specific  condition  appropriate 
for  a  typical  class  of  operators  vjith  continuous  spectra  is  es- 
sentially different  from  Fock's  condition;   it  is  closely  con- 
nected with  the  radiation  condition  in  the  theory  of  scattering. 

The  relationship  between  the  adiabatic  theorem  and  the 
properties  of  the  scattering  operator  was  pointed  out  by  Snyder 
(see  also  the  report  by  Hoses  [I3]).   We  shall  explain  this  re- 
lationsiiip  and  also  derive  the  "principle  of  the  irrelevancy  of 
the  adiabatic  hypothesis"  formulated  by  Snyder, 


Finally,  we  shall  treat  a  simple  problem  occurring 
in  the  quantum  theory  of  fields,  in  x^rhich  the  Hamiltonian  dis- 
plays discrete  features  although  it  is  continuous  except  for  a 
single  point  eigenvalue.   Fock's  condition  for  discrete  spectra 
is  appropriate  in  this  case.   That  this  is  so  can  be  verified 
from  the  exact  solution  of  the  Schr6dinger  equation,  which  can 
be  given  explicitly. 

1.   Schr^dinger  Equation 

The  Hamiltonians,  or  "energy  operators",  at  the 

initial  time  t  =  t   and  at  the  final  time  t^    will  be  denoted 

o  1 

by  H  and  H,  respectively.   For  intervening  times  t  the  Hamil- 
tonian  is  then  given  as  a  function"*^ 

(1.1)  K  =  K(t,T;) 

of  the  time  t  and  the  slox^mess  parameter  T  in  such  a  way  that 

(1.2)  H(t^(T:),T)  =  H^    H(t^(T),T)  =  H, 
where  t^(T)  and  t^(T)  are  given  functions  of  T  for  which 

(1.3)  t^(T;)  -  t^(T;)  —-4  00     as  t  - 


CO 


n 


The  Schrodlnger  operator  T  =  T(t,T),  i.e.  the  unitary 
operator  which  transforms  the  state  of  the  system  at  the  time 
- 

See  remark  I  in  the  appendix. 

V- 

In  Part  II  to  be  Issued  separately. 
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t  =  t   into  its  Schrodinger  state  at  the  time  t,  is  then  de- 
fined as  the  solution  of  the  differential  equation 

(l.il.)     1  V^T  =  H(t,T)T 

for  which 

(1.^)      T(t^,T)  =  1. 

(As  usual  ^^re  set  ^  =  1.)   Our  aim  is  to  describe  T(t,T)  asyrap- 

r 

totically  for  large  values  of  t,  imiformly  for  t^(T)  <  t  <   t^('r). 

Following  Born  and  Fock  we  make  a  simplifying  as- 

s\jmption  about  the  nature  of  the  function  H(t,T).  We  assume 

that  there  is  a  function  H  of  one  variable  s  which  reduces  to 

s 

H  and  H,  for  s  =  0  and  s  =  1,  such  that  H(t,T)  is  of  the  form 

(1.6)  H(t,i;)  =  H^ 
with 

(1.6)'    s  =  (t  -  t^)A. 

The  fiinctlon  t,  (x)    -   t    (t)    simply  reduces   to 

(1.7)  t^('i;)   -  t^(T:)   =  T 

in  this  case.  This  assmnption  about  the  dependence  of  the 
energy  on  t  and  t  is  not  a  serious  restriction;  it  is  made 
solely  for  simplicity. 

The  differential  equation  for  the  Schrodinger  operator 
T  can  now  be  written  in  the  form 


6  - 


(1.8)  iV  T  =  tH  T 

s      s 

in  which  s,  instead  of  t,  is  taken  as  independent  variable. 
The  initial  condition  (1<,5)  for  the  operator  T  is 

(1.9)  T  =  1     when  s  =  0. 

If  we  want  to  exhibit  the  dependence  of  the  operator  T  on  s 

and  the  parameter  t  we  write  T  =  T  (t),  indicating  dependence 

s 

on  s  by  a  subscript  --  as  we  shall  do  quite  generally. 

Our  problem  now  reduces  to  that  of  finding  an  assrmp- 
totic  expression  of  the  operator  Til)   which  is  valid  for 
0  <  s  <  1  as  T  — ^  00  ,   Of  course,  letting  the  switch-on  time 
T  become  infinite  means  making  the  switch-on  process  "infinitely 
slow". 

Instead  of  restricting  the  parameter  s  to  the  domain 
C*  <  s  <  1,  as  we  have  done,  we  could  also  take  the  domain 
0  <  s  <  00  without  any  essential  change. 

In  the  subsequent  considerations  we  shall  assume  that 
the  Schrodinger  equation  (1.8)  possesses  a  solution  T  (t)  which 
has  all  desired  continuity  and  differentiability  properties. 
Later  on  we  shall  indicate  how  the  existence  of  this  solution 
can  be  established. 

Suppose  the  Hilbert  space  of  states  is  finite-dimen- 
sional so  that  the  states  can  be  represented  by  a  finite  number 
of  components  and  the  operator  H  by  a  matrix.   Since  the 
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SchrBdlnger  equation  then  appears  as  a  system  of  ordinary 
differential  equations  of  first  order,  the  results  of  the 
theory  of  asymptotic  expansion  of  solutions  of  such  equa- 
tions could  be  used  to  establish  the  adiabatic  theorem. 
In  fact,  it  would  seem  likely  that  the  methods  developed 
by  Birkhoff  and  others  for  ordinary  differential  equations 
could  be  adapted  to  the  present  problem  in  Hilbert  space. 
Our  treatment  of  the  problem  may  perhaps  be  considered  a 
first  step  in  this  direction. 


J2;   Spectral  Transformation 

T  fTi  III  i  1 1  m  I  1  Hh      T.niriiH 

We  must  make  varibUfi  kssumptions  and  introduce 

various  notions  hdt6l^'6   we  can  give  an  asymptotic  description 

of  the  operator  T  (  t)  .   The  basic  assumption  to  be  made  is 

that  the  spectra  of  the  operators  H-,  and  H^  and,  more  generally, 

of  the   operators   H     and  H     can  be  put   in  a  one-to-one   corre- 
^  so 

sporidence.   That  does  not  mean  that  the  operators  H^  and  H^ 
are  unitarily  equivalent  and  thus  have  the  same  spectra; 
but  it  does  mean  that  H^  and  H  are  functions  of  two  operators 
N„  and  N  which  are  unitarily  equivalent.  For  reasons  that 

S  o  —    A_— — — — 

will  become  clear,  the  operators  N  will  be  termed  "label 
operators".   Unitary  equivalence  of  two  operators  N„  and  N 
means  that  a  unitary  operator  U  exists  such  that 


■':■      -Jt-  .    iV 


\ .     >       .       .  J 
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(2.1)  N^   =   U3N^U;1 


The  function  with  the  aid  of  which  the  operator  E     will  be 
expressed  in  terms  of  the  operator  N  will  be  denoted  by 
h  (n),  so  that  we  may  formulate  our  assumption  by  saying 
that  unitary  operators  U„  with  U  =  1  and  functions  h  (n) 
exist  such  that 


(2.2)  H3  =  h^ili^)    ,     H^  =  h^(N^)   , 


when  N_  is  given  by  (2.1)  . 

In  order  to  explain  the  significance  of  the  label 
operators  N„  ,  let  us  consider  the  case  in  which  the  opera- 
tors  H_  have  pure  point  spectra  consisting  of  eigenvalues 
^1    >  ^1    »  •••  associated  with  a  sequence  of  eigenstates 
Q 1   >  ^0    >  • • •   •   If  the  state  ^  is  given  as  a  series 


(2.3)  I  =  i:„o(")  |(">    , 


application  of  the  operator  H_  can  be  described  by 


(2A)  H3i=  Z„  h(")  =  (")  $<"'    . 
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As  operator  N.  we  now  may  choose  the  operator  which  Is  des- 


cribed  by 


(2.5)  nA    =     y     nci'^^  ? 


(n)  :t(n) 
s 


The  spectrum  of  the  operator  N  consists  of  the  numbers  n  =  1, 
2,  3,  •••   •   since  this  spectrum  is  Independent  of  s,  a  unit- 
ary operator  U„  such  that  (2.1)  holds  exists.   The  operator 
which  transforms  the  state 


(2.6)  ?  =  r  c^'^Ji^^) 

^    '  —     ^—n  o     —o 

into  the  state 

(2.7)  U  ^  =  7"  c^^^f^"^) 

is  such  an  operator  U_  .   Similarly,  U~   transforms  the  state 

s  s 

^  ,  as  given  by  {2.S) ,    into  the  state 

(2.8)  u;i  2   =   2:^=('')  <[(")      . 


Relation  (2.1)  is  immediately  verified.   The  function  h_(n) 
which  enters  the  description  {2.2)    of  the  operator  H.  is  simply 
given  by 


^t*. 


f  .  :;-  :     <f 


Pi'-    ..i 


'.  n*'  ^  . 
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(2.9)  hg(n)   =  h^^) 


this  function  is  defined  only  for  positive  integers  of  the 
variable  n,  i.e.  on  the  spectriom  of  the  operator  Ng  ;  and 
that  is  perfectly  sufficient. 

A  possible  interpretation  of  the  label  operator 
in  case  the  operators  H  have  continuous  spectra  will  be 
described  later  on,  in  Section  9. 

We  shall  employ  a  slight  generalization  of  the 
notion  of  label  operator  as  given.   We  shall  denote  by  N  a 
finite  number  of  operators,  N  =  1  K    ,  . . . ,  N^  '  i  ,    all 
satisfying  relation  (2.1).   The  letter  n  then  stands  for  the 
corresponding  system  of  possible  eigenvalues,  n  =  )n^  ',..., n^  v 
This  syatem  of  numbers  will  be  interpreted  as  a  "point"  in  a 
v-dimensional  space,  the  "n-space".   However,  we  shall  con- 
tinue to  speak  of  "one"  operator  N  .   Relations  (2.1)  and 
(2.2)  are  then  abbreviations  for  the  raltions 


(2.1')  k1^^   =   UN^-'-^u!-'- 


S  SOS 


S  SOS 


> 


and 


(2.2')  H3  =   h3(N^^\  ...,  N^"^) 

o      00       '   o   ' 


» 
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An  important  property  of  the  operator  U  Is  that 


relation 


(2.10)  b(N3)  =  U3b(NQ)U;^ 


holds  whenever  b(n)  is  a  bounded  plecewise  continuous  function 
of  n,  as  follows  from  relation  (2.1).   The  condition  here  imposed 
on  the  function  b(n)  is  stronger  than  necessary.   We  do  not  spe- 
cify an  appropriate  more  general  class  of  functions  b(n);   but 
we  require  that  the  function  h_(n),  which  occurs  in  the  definl- 
tion  (2.2)  of  the  Hamiltonian  H„ ,  is  such  that  the  relation 


(2.11)  H3  =  h3(N3)  =  U3h3(N^)U;l 


holdsVy  .   The  operator  h  (N  )  ,  which  will  be  used  frequently 

*^  SO 

in  the  following,  has  evidently  the  same  spectrum  as  H_  ;   of 

course,  this  operator  should  not  be  confused  with  the  operator 

H  =  h^(N^)  . 
o    00' 

The  significance  of  the  unitary  operator  U_  is  that 
it  gives  the  spectral  transformation  for  the  operator  N_  .   In 

■  ■-■■  I   — IM..!  1^  ■■II      ■  I  —  ■   1.—   —     ■   ,  ■    ■      11        I  »  S 


3/ 


■^ 


Born  and  Pock  employ  a  transformation  V  which  trans- 
forms the  operator  H   '  ,  (i.e.  H  in  our  notation),  into  a 

diagonal  matrix  V  H  ^^V_  .   (V'e  have  supplied  the  subscript  s 

s   s 

ommitted  by  them) .   Our  operator  U  —  or  rather  the  special 

s 

operator  11^  =  1^1   introduced  later  on  —  can  be  expressed  as 
s     s 

3        SO 
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order  to  explain  what  we  mean  by  this,  we  must  employ  an  appro- 
priate generalization  of  the  notion  of  eigenstate  associated 
with  a  point  eigenvalue.   Although  one  could  employ  the  notion 
of  improper  eigenstate  associated  with  a  point  of  the  continu- 
ous spectrum  we  prefer  to  introduce  the  notion  of  eigenstate 
associated  with  a  set  of  eigenvalues.   Specifically,  we  intro- 
duce the  notion  of  eigenstate  for  the  operator  N   associated 
with  a  set  ^v     in  the  n-space.   By  this  we  mean  any  state 
£   /  0  for  which  the  relation 

(2.12)  b^  (Ng)!     =  0 

holds  whenever  b//  (n)   is  a  bounded,  piecewise  continuous 
function  which  vanishes  if  the  argument  n  lies  in  the  set/^ 
The  set  ^^     will  then  be  called  "eigenset"  for  the  state  ^ 
Using  these  notions  we  define:   a  unitary  operator  U   gives 
the  spectral  transformation  for  the  operator  N^   if  every 
eigenstate  ^^'  for  the  operator   N   with  the  eigenset  -^-  is 
transformed  by  U   into  an  eigenstate 

(2.13)  I,    =  U3?f    , 


for  the  operator  N„   with  the  same  eigenset 


^    . 


The  statement  made  above,  that  an  operator  U   which 
satisfies  relation   (2.1)   gives  the  spectral  transformation  of 
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the  operator  N    ,  is  now  seen  to  mean  that  the  relation 


entails  the  relation 


(2.1i|-)3  b^  (N3)|3^   =   0 


This  statement  is  an  immediate  consequence  of  relation 


=   0   , 


which  follows  from  relation  (2.11)  for  b(n)  =  ^jti^)    • 

The  state  ^    may  also  be  termed  eigenstate  for  the 
operator  H  =  h  (N  )  ;   but  the  corresponding  "eigenset"  Is 
the  image  of  the  set  ^^  under  the  mapping  h  =  hg(n)  .   The 
corresponding  eigensets  of  the  operators  H^  and  H^  are  thus  in 
general  different. 

Let  us  consider  the  special  case  in  which  the  set  y% 
consists  of  just  one  point  m  .   In  this  case  we  may  choose 
b^(n)  =  n  -  m  .   Setting  Jg  =  £  ,  relation  (2,12)  reduces  to 


(2.15)  (N3  -  m)g  =   0   . 


In  this  case  then  the  state  ^   is  an  ordinary  eigenstate  for 


1/ 


YK 


'!{    . 
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the  operator  N.  with  the  point-eigenvalue  m  .   Clearly,  the 
state  '^^   is  also  eigenstate  for  the  operator  H  =  ^  (N„)  with 


the  eigenvalue  h  (m) .   Thus  we  see  that  the  unitary  operator 
U  transforms  an  ordinary  eigenstate  ^  for  the  operators  N 


and  H  into  ordinary  eigenstates  for  the  operators  N.  and  H,,  . 

Our  asymptotic  description  of  the  Schr8dinger  operator 
T  (t)  will  imply  the  statement  that  this  operator  approaches  — 
in  a  sense  to  be  formulated  —  a  particular  one  among  the  spec- 
tral transformations  U   as  T  approaches  infinity.   This  state- 
ment will  be  called  the  "general  adiabatic  theorem."   The  re- 
marks made  in  the  preceding  paragraph  make  it  clear  that  the 
"special  adiabatic  theorem"  indicated  at  the  beginning  of  this 
note  is  an  immediate  consequence  of  this  general  adiabatic 
theorem. 

It  is  Important  to  note  that  the  unitary  operator  U_ 

3 

is  not  uniquely  determined  by  condition  (2.1)  .   If  U   is  one 
such  unitary  operator,  every  operator  of  the  form 


(2.16)  U^  =  IT-  exp   193(NJ      , 

involving  any  function  9„(n),  evidently  satisfies  condition 
(2,1),  too;   it  is  unitary  if  the  function  0_(n)  is  real- 
valued. 


■■Jf.   *'*« 


-Sr'C^ 
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3 .   Asymptotic  Form  of  the  SchrBdlnger  Operator 

The  asymptotic  description  of  the  operator  Tg(T) 
will  involve  a  particular  one  among  the  various  unitary  opera- 
tors U   ,  which  -  if  it  exists  -  can  be  obtained  from  any  one 
of  them,  U^  ,  with  the  aid  of  an  appropriate  real  valued  func- 
tion  e  (n)  according  to  formula  (2.16).   This  particular  unitary 
operator,  denoted  by  W   ,  is  independent  of  T   and  satisfies 
the  condition 


(3.1)  W^  =  1 


Later  on  it  will  be  characterized  intrinsically;   i.e.  inde- 
pendently  of  the  accidental  choice  of  operators  U^   .   Assuming 
that  this  has  been  done,  we  can  express  the  asymptotic  behavior 
of  the  operator  T_(ir)  through  the  formula 


(3.2)  exp    \lx      I      h^  (N^)    dc/ ^    w;-'T^(t)    — >  1 

I 


jlT        /      h^    (11    )    drf        ■•-!' 


as     TT   — •>    00; 


the  meaning  of  convergence  involved  here  will  be  specified 
later  on.   The  asymptotic  description  of  T_(Tr)  may,  therefore, 
be  given  as 


(3.3)  T^iT)    ->  Wg  exp  J  -  It:  0°  (N^)  j 
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when  we  set 

s 

(3.i|)  G°  (n)  =      J      h^   (n)  dd      . 

o 

The  superscript  °  is  attached  to  the  function  9„(n)  in  order  to 
distinguish  this  function  0  from  the  unspecified  function  0  ocurr- 
ing  in  formula  (2.16)  . 

We  shall  call  formula  (3.3)  the  "adiabatic  formula". 
Obviously,  the  operator  W  exp  j  -i'x:8g(N  )  V   is  of  the  form  (2.16) 
and  thus  gives  a  spectral  transformation  of  the  operator  H_  .   The 
adiabatic  formula  (3 .3)  ,  therefore,  implie£  the  general  adiabatic 
theorem. 

Prom  identity  (2.10)  with  b(n)  =  exp  j  -It  ©gC^)  j  and 

U_  =  V'_  we  infer  that  we  may  write  formula  (3.3)  also  in  the  form 
s     s 


(3.5)  Tg(T)  -^  exp  j  -  ix  0°  (N3)    W3   , 


which  is  sometimes  useful,  or  more  precisely,  in  the  form 


(3.6)  exp  I  ix  e°    (N^)  (     T^(T)    — >  VJ     as   T  — >    00    , 

Solo  o 

Suppose  ^^"^   is  an  eigenstate  of  the  label  operator  N  with 
the  point -eigenvalue  N  =  n  .   I'hen 


(3.7)         exf)  ^-  i-u  G°(N^)   f(^)  =  exp  j-ix  e°(n)  I  |^^) 


l--^,.. 
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and  formula  (3«3)  yields  the  formula 

(3.8)  TgC-u)?^"")  -^  expf-  i'C  e°(n)|  wj^^^ 


) 


which  is  of  the  type  usually  given  in  connection  with  establish- 
ing the  special  adiabatic  theorem.   Note  that  W^^  '  is  an  eigen- 
function  of  N„  and  hence  of  H.  =  h  (N„)  . 


I4..   characterization  of  the  Transformation  W„ 


In  the  following  we  shall  frequently  use  the  operation, 
denoted  by  K,  which  transforms  every  unitary  operator  Ug  into 
the  operator 


(i^.i)  KU3  =   1  u;^  Vs  Us 


Here  it  is  assxHtied  that  U   depends  on  s   in  such  a 
way  that  it  possesses  a  continuous  derivative  \7c,U„  .   This 
operator  KU   is  Hermitian;  i.e. 

0 


(i^.2)  (lOJg)"  =   KU3   , 


where  the  asterisk  denotes  the  Hermitian  adjoint.   This  fact 
follows  from  the  unitary  character  of  U   : 

0  =  i  ^s(uX)  =  1U;K73U3  ^  i  Vs^s  •  U3  =  KU3  -  (KU3)-^^  . 
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At  the  same  time  we  see  that  the  derivative  of  the  Inverse 

U~  =  U"   can  be  written  In  the  form 
s     s 


(1+.3) 


•v^cu:-^  =  i(KTi  )u:^    . 


s  s 


S'   8 


For  later  use  we  also  note;   If  the  operator  U„   Is  changed 
into 


Us  =  K      ^^P  \   ^Qs(No)  >       ' 


see  (2, 16),  the  operator  KU.,   is  changed  into 


ik'k) 


KU3  =  KU^  -  \?^  e3(N^)   . 


The  "intrinsic  characterization"  of  the  transformation 

U  =  W   can  now  be  given  in  terms  of  the  operation  K  :  The 
s    s 

operator  U„  =  VJ^  should  be  such  that  the  operator  G-(t), 
defined  by 


ik'B) 


3 

Gg(T)   =  J      F^(T)dcr' 


and 


FgCt)  =  exp  \    i-regCN^)  j  KW3  exp 


iie^lN^) 


satisfies  the  condition 
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(JL|..7)  G„(t)   —>  0     as   T  — >  GD 

uniformly  In  d     .   The  meaning  of  convergence  Involved  here  will 

be  specified  in  Section  6  . 

In  later  sections  we  shall  consider  various  types  of 

Hamiltonlans  and  formulate  "specific  conditions"  which  insure 

that  the  transformation  W   satisfies  the  "intrinsic  condition" 

s 

(i|.7)  . 

5.   Formal  Derivation  of  the  Asymptotic  Formula 

In  the  following  considerations  we  shall  use  the  ab- 
breviation 

(5.1)  Yg  =  exp  (  -  It  e^CN^)  \ 

in  which  9°   is  given  by  (3.14-)  •   1''e  shall  also  omit  indicating 
the  dependence  of  the  various  operators  on   t  • 

In  order  to  establish  relation  (3 '2)  we  introduce  the 

operator  Z   by 

s 


(^•2)  Zg   =  y;W    , 


so  that  we  may  write  the  Schrydinger  operator  T   in  the  form 


(5-3)  T3  =  W3  Y3  Z3  . 


We  shall  then  prove  that  the  operator  Z   approaches 


..'■ ; ! 
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the  identity  as   t  — >  oo  provided  the  unitary  operator  W 
satisfies  condition  (i|=«7;  • 

To  this  end  vje  differentiate  the  operator  Z„  with 
respect  to   s  .   In  doing  this  we  use  relation  (2.2)  to  write  the 
Schr8dlnger  equation  (1.8)  in  the  form 

(5.1+)  1\73T3   =   'i:h3(NjT3   . 

Using  relation  (2.11)  for  U„  =  W  we  may  write  relation  {S*k)    In 
the  form 

iS.B)  i  v^3T3  =  TW3h3(N^)kriT3   . 

Further  we  make  use  of  the  formula 

(5.6)         i  ^,y;^-  ^h3(N^)Y;i=  '^y;\(n,)    , 

which  follows  from  (5«1)  and  (3.1+) »  and  finally  we  make  use  of 
formula  (lj-.3)  for  U_  =  W   .   Altogether  we  obtain  the  relation 

^  Vs(y;^w;1t3)   =  Y;l[-'ch3(N^)  -  K^.J3  +n:h3(N^)j  w;1t3   . 


equation 


For  the  operator   Z   ,  given  by  {S»2),    we  then  obtain  the 


.-1, 


i  ^<,^^.     =  Y~  KW  Y^Z„    , 
s  s       s    s  s  s    ' 


or 


(5-V)  1  V3Z3  =  P3  Z3 


-21- 
when  we  use   the   operator 

(5.8)  P^     =     Y;1  KVJ3  Y3 

in  accordance  with  (I4..6)  and  (5*1)  • 

Integrating  this  relation  we  find  the  relation 

s 

(5.9)  Z^  -  1  -  i  y  P^(Z^  -  l)dd     =  iG, 


's         J        d^    a  '  s 

o 


in  which  G        is  given  by  (ij..5)  • 

s 

Relation  (5»9)  may  be  considered  as  a  Volterra  integral 
equation  for  the  function  Z  -  1  .   (A  similar  equation  was 
formulated  by  Moses  [13] •)   Under  appropriate  conditions,  which 
will  be  formulated  in  the  subsequent  section  of  the  solution,  this 
equation  approaches  zero  whenever  the  right  member  G„  does  .   That 
this  be  the  case  is  just  the  intrinsic  condition  (I4..7)*   Hence, 
if  this  condition  is  satisfied,  one  can  conclude  that  relation 

(5.10)  (Z„('t)  -  1)  ^  — >  0     as  1-  -^>  00 

holds  for  every  state  ^   .   This  is  exactly  the  statement  (3,2)  > 
Which  implies  the  general  adiabatic  theorem. 
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6.   Rigorous  Arguments 


We  add  a  few  remarks  about  the  way  In  which  these 

arguments  can  be  made  rigorous.   To  this  end  we  must  impose 

various  conditions  on  the  function  h  (n)  and  the  operator  VJ    * 

s  s 

V./e  require  that  the  function  h  (n)   is  continuous  in 
s   ,  uniformly  in  every  bounded  region  of  the  n-space. 

Instead  of  imposing  conditions  on  the  transformation 
U   directly  we  impose  conditions  on  the  operator  KW  =  iW"  \7  W 

S  3        S        S 

(see  ([;.l)). 

Our  primary  aim  is  to  make  sure  that  the  operator 
F_  =  Y~  KVj'  Y^  ,  which  occurs  in  equation  (5.7),  is  bounded  and 
continuous  in  s  for  0  <  s  <  1  with  respect  to  an  appropriate 
norm. 

To  this  end  we  shall  employ  a  norm  1|a||  for  bounded 
Hermitian  operators  A  having  the  property  that 

(6.1)  l|g^^^N^)Ag(2)(N^)  II  <  Y^Y2  lU  II 

whenever  g^'  '(n)  and  g^  ^(n)  are  piecewise  continuous  functions 
of  n  for  which 

(6.2)  |g^^^n)|   <  n   ,    lg^^^(n)|   <  Y2   • 


The  norm 


ijAi!  =  i.u.b  ijA 111/  mil 
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e.g.  has  this  property.   We  now  require  first  that  the  operator 
KV/   is  bounded  uniformly  in  s\y    i.e.  that  there  is  a  number 
^    such  that 

(6.3)  II1W3II  <  K^     for  0  <  s  <  1 

Vlith  the   aid   of   the   functions 

(S.k)  e^-^hn)    =   expjiTe°(n)    I    and        g^^^n)    =   exp  j  -,  lTS°(n); 

we  may  write 

(6.5)  Y;^  =   g^'^N^)  ,     Y3  =    si^^Nj 
by  (5«1),  and  hence,  by  (I4..6)  , 

(6.6)  P^  =   4^^(N^)K^'^s4^^(N^)   • 

Since  the  functions  g^   (n)   and  g^  '(n)   satisfy  condition  (6.2) 
with  Y-]  =  Yp  -  1  >  ^®  '^^y  conclude  from  relation  (6,1)  that  in- 
equality 


(6.7)  11p3(t)1I  1  K^ 


holds  for  0  <  s  <  1  . 


V         The  same  requirement  was  made  by  Born  and  Fock,  who  also 
described  certain  Hamiltonians  for  which  it  is  satisfied. 


'->■■•■    i-       ;:;'-      r 


Prom  the  assumption  made  about  the  function  h  (n)  It 
follows  by  (3.1|.)  and  (6.I4.)  that  the  functions   g^,  '(n)  and 

lb 

(2) 
g^  '(n)   are  continuous  in  1,  uniformly  in  every  boionded  region 
a 

of  the  n-space;   but  this  continuity  can  not  be  expected  to  be 
uniform  in  the  whole  n-space.   For  this  reason  we  introduce  pro- 
jections associated  with  bounded  sets  in  n-space. 

Denoting  by  M  any  bounded  set  in  n-space  we  denote  by 
p..  the  projector  for  the  operator  N   associated  with  this  set, 
i.e.  we  set 


where   ''7//(^)   ^^  ^^^  function  for  which 

(6.9)  ^M,^^^      "   1  if  n  is  in  ^y^  , 

=   0  if  n  is  not  in  '•'•■  Jij^, 

We  now  require  secondly  of  the  operators  KW„   that  the 
operators   p^  KW  Pjui       are  continuous  in   s   with  respect  to  the 
norm  introduced  above  and  that,  in  addition,  |1  KU  -  Rx  KW  P ,  |l 
can  be  made  arbitrarily  small  by  proper  choice  of  j\A   independ- 
ently of  s  ;   i.e.  to  every  e  >  0  there  should  be  a  sety^'^  (e) 
such  that 


(6.10)  11  ™s  -  P^^  ^'s^  11  -  ^ 

for  all  values  of   s  ^^jA    ^^    contained  in  /'^  (e)  . 


i<?<-' 
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Incidentally,  it  follows  from  these  two  requirements  that  the 

operator  KW   itself  is  continuous  in  s  . 

Since  the  continuity  of  the  functions  g;  ^(n)   and   g^  ^(n) 

s  s 

of  s  given  by  (6.[|.)  is  uniform  for  n  in  J^\-,  ,  it  follows  that 

the  functions  >|  ^  (n)g^  ^(n)   and  '\  iA    (n)g   '(n)  are  uniformly 

continuous.   Consequently,  the  operators  y"  (P,^  )  and  P.,  Y   are 

s  '  ^/|_  '      ^,  s 

continuous  in  s  in  the  sense  of  the  norm  introduced  above.   At 

the  same  time  we  see  that  together  with  P.,  KW„P.,  also  the  opera- 

tor  P^FgP^   =  Yg-"-?^  KWgP^  Yg   is  continuous  in   s  .   Finally, 

it  follows  that  together  with  11  KVJ„  -  R  KW  P.,  1|<  e  also 

s        ^       s  yl^ '    - 

(6.11)         II  F3   -  P^  FgP^^  II  =    II  Y3-IKW3Y3-  ^t\  KW^P^  Y3  II     <     e 


es 


independently  of  s  provided  j\oj^\Xz)    .   These  two  properti 
together  insure  that  the  operator  F_.  =  Y"  IW^Y„  is  continuous  in  s 
with  respect  to  the  norm  adopted  for  every  value  of  t  • 

We  now  consider  the  operator   Z^  =  IA1)    which  satisfies 
the  integral  equation  (5»9)  . 

We  introduce  the  number 


(6.12)  Y  =   y('>^)   =   l.u.b.g   II  G3 


and  set  temporarily 

(6.13) 

From  relation  (5.9)  and  (6,7)  we  then  derive  the  relation 


■I     .:    I 
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!|Zg    -   1    II  <  ^K^.     /     exp  I    (1  +  K^)<yi     dd  + 


o 
or 


Y    > 


{6.1k)         IIZ3-I    ll<  ^(1  +K^)-^K.^exp|(l  ^KvPsl 

whence   first      ^  <    ( 1  +  K  ^.) ""'"  ^  y  ?  *  Y    » 
then 

?      <      (1   +    K^^)Y      . 
Finally,    by   insertion  into    (6.11^), 


(6.15)  lUs   "  ^    "    -  ^Y   ,  0  <  s   <  1    , 


with 

(6.16)  \     =      (1  +  Ky)    exp   I    1  +    K^^ 

Condition  (i|.7)  will  now  be  required  in  the  more  strict  form 

(6.17)  Y  =  y('c)  =  l.u.b.g  II  Gg  II  — >  0  as  t  — >  00  . 
As  a  consequence  of  it,  inequality  (6.15)  yields  relation 

(6.18)  l.u.b.^  II  Z„  -  1  II— >  0    as  t;  — >  00  . 

'■'■'hus  relation  (5.10),  (3.2)  ensue  and  the  general  adiabatic  theorem 
is  proved  . 


.<  >  I'  i  : 


l\ 
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The  statement  of  the  adlabatic  theorem,  of  course, 
implies  the  assumption  that  the  solution  T   of  the  Schrydlnger 
equation  (1.9)  exists.   It  is  not  obvious  that  this  is  always  the 
case . 

The  fact  that  the  differential  equation  i  \7+-T  =  H(t)T 
involving  a  non-constant,  non-bounded  operator  H(t)  has  a  solu- 
tion if  all  operators  H(t)  have  the  same  domain  of  definition  was 
recently  proved  by  Kato  [11]. 

It  may  be  indicated  that  also  under  the  assumption  made 

here  the  existence  of  the  operator  T   solving  equations 

s 

i  \7oTc  =  T  H„T„  ,  and  T^  =  1  ,  could  be  proved  for  insufficiently 
large  values  of  the  parameter  T  . 

Using  the  estimates  employed,  one  can  show  that  the  in- 
tegral equation  (5.7)  possesses  a  solution  Z     .   The  operator 

(6.19)  T„  =  W  Y^Z, 

s      s  s  s 

is  then  the  solution  of  the  SchrBdinger  equation. 

The  statement  of  the  adiabatlc  theorem  as  embodied  in 
relation  (6.l8)  is  stronger  than  the  statements  proved  by  Born 
and  Pock,  and  by  Kato  -  in  the  case  of  a  discrete  spectrum  -  in 
as  much  as  relation  (6.l8)  implies  that  relation 

(6.20)  Z„(t:)  ^  — >  '^  as  T  —>  OD 

holds  uniformly  in  ^  •   Kato  establishes  this  relation  only  for 
each  eigen  element  ^^'    of  the  operator  H   ,  while  Born  and  Pock 


,  ■  I. 
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prove  that  the  matrix  elements  of  Z   -  1  approach  zero  , 
(6.21)        (1^"")  ,  (Zg  -  l)!^""))  ->  0  ,    T  ->  00. 


It  would  seem  likely  that  under  certain  circumstances 
under  which  our  strong  conditions  are  not  satisfied,  relation  (6.21) 
holds  for  each  eigenstate  ^^^'   while  relation  (6.8)  does  not  hold. 
In  such  a  case  then  the  special  but  not  the  general  adiabatic  theo- 
rem would  hold. 

7 .   Hamiltonians  with  Pure  Point  Spectra 

We  proceed  to  formulate  conditions  under  which  the 
general  adiabatic  theorem  holds  in  the  case  in  which  the  operator 
N   —  and  consequently  the  energy  operator  H   --  has  a  pure  point 
spectrum. 

We  first  assume  that  the  eigenvalues  n  of  the  operator 
N   are  simple  ,   The  eigenstates  for  the  operator  N   associated 
with  the  eigenvalues   n  will  be  denoted  by  5o    *   "^^^  matrix 
elements  of  the  operator  KU   ,  cf.  (I4..I),  with  respect  to  these 
eigenstates  will  be  denoted  by 

(7.1)         (n'lKUjn")  =  (l^""' ^  ,  KU^fJ^''"  ^ ) 


V/e  now  require  of  the  operator  W_   that  the  diagonal  terms  of  the 
matrix  of  KW   vanish  , 


•-■■|  : 
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(7.2)  (nlKWgln)   =   0   . 


This  Is  the  '''specific""  condition,  formulated  by  Fock  [2],  which 
insures  that  the  unitary  operator  W  satisfies  the  intrinsic 
condition  il\.*7)    in  case  the  Hamiltonian  has  a  pure  point  spectrum« 
Additional  conditions  on  the  eigenvalues   h  (n)   will  have  to  be 
imposed,  though. 

Suppose  we  start  with  an  operator  U  for  which  KU^ 

3  S 

does  not  satisfy  Pock's  condition.   Then  we  may  try  to  determine 
the  real  valued  function  G_(n)   such  that  the  operator 

(7.3)  W3  =  U^   exp  jie^N^) 

does  satisfy  condition  (7.2).   Now,  by  ([j.,!;),  relation 


n.h)  KVr^   =   KU^  -Vs  <(No) 


holds  and  hence 


(7.5)  (niKWjn)   =   (n|KUg|n)  -  Vg  ^^^ri)    . 

Therefore  condition  (7.2)  is  satisfied  if  the  function  e^(n) 
Is  so  determined  that 


(7.6)  S^^  e^(n)   =   (nlKU^In)   . 

Assuming  that  U^   is  the  identity  for   s  =  0  ,   the  same  is  true 
of  Wg  if 


>..x '-■■ 
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(7.7)  6^(n)   =  0  . 


Together  with  this  condition,  equation  (7.6)  determines  the  func- 
tion e„(n)  uniquely.   Note  that  (n|KU^|n)   is  real  since  KU^ 
s  s  a 

is   Herrtiitian   as   was    shown  above,    see    ([|..2)    . 

Incidentally,  as  Fock  has  observed  [2],  condition  (7.2) 
can  be  ;-jritten  in  the  concise  form 

(7.8)         (|<")  ,  V3li")  ;  =  0 

in  terms  of  the  eigenstates  '^^^'   =  U  ^^^'         , 

Of  the  eigenvalues   h  (n)  of  the  energy  operator  H 

we  require  that  they  are  positive  and  different  from  each  other. 

Accordingly,  two  different  branches   h„(n')  and  h.(n")   of  the 

set  of  eigenvalues  are  not  permitted  to  cross  or  even  to  meet. 

This  condition  is  stronger  than  necessary.   Born  and 

Pock  assume  only  that  each  of  the  functions   h  (n' )  -  h  (n") 

s        s 

vanishes  at  most  at  a  finite  number  of  values   s  =  s    and  satis- 

o 

fies  the  inequality   Ih^(n')  -  h^(n")|  >  cjs  -  s  |^  there,   (In 

fact  they  weaken  even  the  continuity  requirement  of  KW  ) .   They 

then  show  that  the  matrix  elements  of   Z  (a")  -  1  are  of  the  order 

s  ^  ' 

of  magnitude  %  "  '^^      .   Kato  does  not  specify  the  order  of 
magnitude  of  h  (n' )  -  h_,(n")   and  accordingly  deduces  only  the 
relation  Z_(t)  '^^^'    — >  qT^^^   .   If  one  wanted  to  prove  the 
uniform  statement  Ij  Z  (t)  -  l||  — >  0   as  'c  — >  oo  ,  one  would 
have  to  slightly  strengthen  these  weakened  conditions.   VJe  shall 


-(       :f.J.- 


.  r''     ■■•■'■j!.:l\<l' 
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not  investigate  this  problem  in  general,  but  in  Part  TI  wo 

shall  treat  in  detail  this  problem  for   r  =  1  ,  assuming  the 

Hilbert  space  of  states  to  be  two-dimensional. 

We  proceed  to  show  that  the  intrinsic  condition  (I|..7) 

G  =  G  (T)  — ■>  0   as  -—>  00  ,  is  satisfied  in  the  form  (6,1?)  if 
s     s 

the  specific  condition  (7.2)  is  satisfied  . 

To  this  end  we  consider  the  N  -matrix  element  of  the 

o 

operator  G„    , 


s  /•     s' 

(7.9)   (n-  iGgln")  =  /"  (n'  IKW3  ,  |n"  )exp  J  iT"^| 

o  lb 


[hg(n')-h^(n'»)]dd  ^dc^' 


If  n'  =  n'''   this  matrix  element  vanishes, 


(7.10)  (nlGgln)   =   0   , 


by  virtue  of  the  basic  assumption  (7.2)  .   If  n'  /  n"  ,  on  the 
other  hand  we  may  introduce  the  variable 


a  =   /   [h^(n')  -  h^(n")]dcf 


instead  of  s   and  consider  s  =  s(a)   as  a  function  of  a  .   For, 
h  (n' )  ^   h  (n")   for  n'  ^   n"   and   0  <  s  <  1  was  assumed. 

In  terms  of  the  independent  variable   a'   the  matrix 
element  (7.9)  can  be  written  in  the  form 

(7.11)  (n'  iGgIn''')  =  /  (n'  Ikw^  ,  |n"  )exp   iT;"^a'   [h^,  (n' )-hg  ,  (n"  )  ]"^da 


iJ 


i^:\''>  i. 
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Prom  the  assiomed  continuous  dependence  of  the  operator 

KW   on  3  ,  it  follows  that  the  matrix  element  (n' |KW^|n")  is 
s  s 

continuous  in  s  .   Therefore,  one  may  infer  from  (7.11)  that  the 
matrix  element  (n'  |G„('c)|n")  approaches  zero  as  T  approaches  oo  , 

(7.12)         (n'  Ig^Ct;)  |n")  — >  0   as   t  — >   oo   . 


This  fact  now  implies  that  the  operator   P/uG„P«/  approaches  zero. 
For,  the  operator  P /W »  defined  by  (6.8),  projects  into  a  finite 
dimensional  space  and,  therefore,  the  operator  ^uG  'Pjj    Involves 
only  a  finite  number  of  matrix  elements  (7.11);   namely  those  for 
which  n'   and  m'   belong  to  the  set  >n,  .   This  statement  may  also 
be  put  in  the  form 

(7.13)  II^GgP,^  II  — >  0  ,     as   T— >  OD 

since  for  a  finite  matrix  it  does  not  matter  which  norm  is  taken. 

On  the  other  hand,  from  the  assumed  property  (6.1)  of 
the  norm  and  from  (6.10)  one  can  derive  the  inequality 


(7. Ill)     II  ^3  -  ^  G3P^^  II  <   l.u.b.Jl  KW3  -  ^^  Kl^^3P^  II  <   e 

f  or  .^-^  3.^  y,(  e )  .   Together  with  (7.13)  this  fact  leads  to  the  re- 
lation 


(7.15)      llGg(T)ll  — >  0     as    T  — >   00 


t : 
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Thus  it  Is  established  that  the  intrinsic  condition  {k'7)    is  satis- 
fied and  the  validity  of  the  adiabatic  theorem  follows. 

It  should  be  mentioned  that  for  his  problem  Kato  [7] 


characterizes  the  operator  W_   not  by  condition  (7.2)  but  in  a 

different  way.   He  introduces  the  projectors  E^  '    associated  with 

the  operator  H   and  the  eigenvalue   h^  '   and  then  determines  the 
^         s  °  s 

operator  W   as  a  solution  of  the  differential  equation 


(7.16)  N73W3  =  I  En 


•(n)^(n)  .  eU'eI")! 
s    s        s    S   J 


VL 


v^ith  Vs^s 


(n) 


=   E 


;(n) 


assumed  to  exist  continuously.   It  is 


easily  verified  that  any  operator  VJ   which  satisfies  this  dif- 
ferential  equation  and  the  condition  W  =  1  is  unitary  and  satis- 
fies the  relation 


(7.17) 


.(n) 


w. 


s  o 


By  virtue  of  relation  (7.16)  the  operator  KW„   becomes 


KW3  =  I  w;^^:^ 


•(n)g(n)  _  E^^^E^^) 


E 


W, 


further 


(n'lKW JnM  =  (eI"'),  KW  E^^' ^  ) 


s  o 


2   s   s    ^—n 


g(n)g(n)  _  g(n)g(n) 


E<"' )W3  =  0 


:i .:  ■     X 
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since   E^^^E^^'^  =0   if  n'  7^  n,  =  E^^^   If  n'  =  n  .   Thus  it  is 
s    s  '   '     s 

seen  that  Kato ' s  operator  satisfies  condition  (7«2). 


8.   Asymptotic  Expansion 

We  proceed  to  indicate  how  one  can  obtain  the  asymptotic 

expansion  of  the  SchrBdinger  operator  T_  ,  of  which  the  general 

adiabatic  theorem  gives  the  term  of  lowest  order. 

In  Section  5  we  wrote  the  operator  T   in  the  form 

^         s 


(^•3)  T3  =  W3Y3Z3 


and  proved  that   Z   approaches  the  identity  when   t  — >  00  .   For 
the  purpose  of  an  asymptotic  expansion  of   T  =  T  (  t)  it  is  more 
appropriate  to  write  this  operator  in  a  different  form.   To  this 
end  one  should  introduce  solutions   \|/   of  the  SchrOdinger  equation 

(8.1)  ^Vs^s     =   -^^3^1/3     .... 

which  do  not  necessarily  reduce  to  the  identity  for   s  =  0  .   The 

operator   \l'„^~   then  does  reduce  to  the  identity  for   s  =  0  ; 
s  o 

since  this  operator  is  also  a  solution  of  the  SchrSdinger  equation, 

it  is  the  operator  T   , 

s  ' 

(8.2)  T   =   \l/  vl;"-'- 
^    '  -"s     ^s^o 


One  should  now  write  the  operator  \J;   in  the  form 


51     !';.,(•:• 


::i^. 
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(8.3)  %     =     W^  J3  Y3 


and  determine  an  asymptotic  expansion  of  the  operator   J 

This  Is  motivated  by  the  analogy  with  the  results  of 
the  theory  of  asymptotic  expansion  of  solutions  of  ordinary 
differential  equations  —  cf.  e.g.  [13].   In  fact,  according  to 
this  analogy  one  should  expect  that  the  operator   J   could  be  so 
determined  that  It  possesses  an  asymptotic  power  series  expansion 
of  the  form 

(8.1;)  J3h)~   £1^"  T'^jf'    • 

l''e  shall  not  actually  prove  the  possibility  of  such  an  expansion 
rigorously,  but  shall  be  satisfied  with  describing  the  procedure 
for  determining  the  coefficients   J^^  formally. 

As  seen  from  relations  (5.1+),  {$»$),    (5.6),  the  matrix 
J   satisfies  the  equation 

(8.5)        i\7^J^     =  '^[hs(No)Js-Js^s(No)l  *K3J3   , 
in  which 


(8.6)  K„  =   Klv- 

s       s 


cf.  ([]..l),  while   h  (N  )  was  defined  in  Section  2.   After  in- 

o   o 

sertion  of  the  expansion  (8.i|)  into  equation  (8.5)  it  is  seen 

that  the  operator  J^^''^  should  satisfy  the  conditions 


, :.    bri 


-^■,    i. 


:<  .  'K 
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(8.7)^  [h3(N^)4°^  -  4°^  h^CN^)]   =  0   , 

(8.7)  \y%)4'  *''    -   4'  ''K^^oh   ^  Vs4'^-  ^3^'^  K  >  0  . 

We  want  to  show  that  it  is  possible  to  determine  the 
operator  J^  '  "''  ^  successively  from  equation  (8.5)  at  least  - 
formally . 

We  express  equation  (8.5)  as  the  equality  of  the  matrix 
elements  -  with  respect  to  the  label  operator  N  -  of  both  sides 
of  it: 

(8.8)  rh3(nM  -h^(n")]   (n'  1^^'  ""^Mn")  =  (n^  HV^^^ '   KgJ^^Mn") 

Since  the  left  member  vanishes  for  n'  =  n''*  ,  the  diagonal  term  of 
the  right  member  vanishes,  too: 

(8.9)  (n|iVs4^^  -  Kgji^^l^)   =  0   • 

Evidently,  one  must  satisfy  condition  (8.9)  before  one  can 
determine   J^  ^'  *  '      from  equation  (8.7)  • 

Suppose  the  operator   J^  ■   has  been  so  determined  that 


which  has  the  matrix  elements 


(  K  +1 ) 
relation  (8.9)  holds.   Then  we  introduce  an  operator   J^     ' 


(8.10) 
(n>Uf  *^Mn-)=  [h3(n')-h3(n")]  "^n'  1  i  n734^')-  K34"Mn"  ) 


for  n'  4  n"   , 


eliJ 
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(8.11)  (nlj^^^-'^Mn)   =  0 


Note  that  h  (n' )  4  h  (n")  for  n'  4  n'*  ,  as  assumed  in  Section  2  . 

It  is  then  clear  that  the  operator   J^  ^^   ,   in  place  of   J^    '  , 

s       '      -^  s 

satisfies  equation  (8,8)  . 

The  diagonal  terms  of   J^    '  are  evidently  not  deter- 
mined by  condition  (8.8).   In  fact,  J^    '  is  uniquely  determined 
by  equation  (8,8)  only  except  for  the  addition  of  an  arbitrary 

operator  which  commutes  with  h  (N  ),  and  hence  is  a  function  of  N   . 

so  o 

Thus   we  may  write 

(8.12)  jf  *1)     =     J«*li   .     a<K*l'(MJ 

with  an  appropriate  function   a^     (n)  . 

Ve  shall  show  that  this  function  can  be  so  determined  that 
condition  (8.9),  for   K  +  1   instead  of  K   ,  is  satisfied.   After 
inserting  (8,9)  into  this  condition,  we  observe  that  two  of  the  re- 
sulting four  terras  drop  out.   First  we  note  that  relation  (8.12) 
implies 

Secondly  we  note  that  relation  (7.2),  which  by  (8.6)  can  be  written 
as 


(8.13)  (nlKgln)   =  0   , 


implies  the  relation 

(n|K3af*l)(N^)|n)  =  (nlK3ln)4K+l)(n)   =   0. 

Hence,  insertion  of  (8.11)  into  (8.9)  yields  equation 

(8.11,)        iV3af+^)(n)  =  (n|K3?f*^)ln)   , 

from  which  the  function  a^'"*"  '(n)   may  be  determined. 
We  begin  our  process  with  the  matrix 

(8.15)  J^°^     =  1  , 

which  evidently  satisfies  equation  (8.7)   .   It  also  satisfies  con- 
dition (8.9)  for  K  =  0   by  virtue  of  (8.13)  .   It  is  then  clear 
that  our  process  of  determining  the  operators   J^^   '   successively 
can  be  carried  out  formally. 

Let  us,  in  particular,  consider  the  second  approximation, 

(8.16)  J^  ~  1  +   T  -1  j^l)   . 
To  second  order  we  may  just  as  well  set 

exp  j  T  '"'■Jg''"^  I        or 
expiT-^j^l)    expJT"^a,(N) 


(8. 

.l7)i 

Js 

(8 

17)2 

Js 

By 

(8.3) 

we 

hence 

may 

write 

i 


S  '  o 


.    0 


1) 


^:  1  '•,.'  p  ■■'    &i:.  J-  .- 


('/), 


1  o   •-;^f  X  'V 


■'^ 


'■  i  > 
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(6.18)    ^\l^^  r-:^    exp 


-1°(1)1 


f 


-1. 


exp  <^-^aJl.J    -  iTe^'d^.) 


S*  O' 


's 


It  would  not  be  difficult  to  show  that  the  operators 

ui^^  ,   la„(IL)   and  hence  iA^^    are  Hernitlan  if,  in  inte.rratlne 
s        s   o  s 

equation  (6.12)  for  K  =  0,  the  initial  value  of  a!,  '(n)   is  chosen 
c      '(n)  =  0  .  Hence  all  exponential  function  occurring  in  (6.1?) 


(6,16)  are  unitary  operators. 


.(o) 


For  s  =  0  we  have  '"   =  1  by  (3.1)  ,  ©^   (n)  =  0  by 
(3«U)  »  and   aj.  '(n)  =  C   as  assumed  above;   hence  vje  have 


(6.19) 


\|/q  ~  explT'^J^^^ 


and  hence  by  (6.3) 


(6.2C)   T3--  Vg  exp  . 


^^■^jl^Mexp(a:-la,(Kj-iTe(°)(i..j(exp|-  t'Ij^^ 


s*  o^ 


Each  of  these  exponential  functions  is  evidtintly  Hermitian  . 

The  considerations  in  this  section  are  purely  formal. 
Nevertheless,  we  shall  indicate  how  one  could  prove  the  validity 
of  the  asymptotic  expansion  up  to  the  order  K  ,  once  the  terms 


r(K) 


up  to  this  order  have  been  determined. 


V.e  introduce  an  ooerator  Z 


by  setting 


(6.21) 


^3  =  '-^s 


I  ^y^=0^         '^S       ^S  *   ^    ^S^S     J    • 


Insertion  into  equation  (6.1)  and  use  of  equation  (6.7)  yields 
equation 


( . 


1;  {  -I  ;•.■•. 


J 


•■  •'■■^v 


•  •  \  ■'  1 


.:  i'\.) 


(8.22)  i^s4'"^  -  ^s4^'^   =   H^^ 

for  Z^^^  ,  in  which 
s 

(8.23)  F<'^'   =  Y;^M"'-iV34=^'l   ^3 

and,  cf.  ik'^),    (8.15)  , 

(8.21|)  F,   =   F^^) 


s      s 


With 


s 


(8.25)  0(K)   =   /  f(K)  dC   , 


o 


cf.  ([|..5),  we  obtain  the  Integral  equation 

(8.26)  Zf  )  -   /  F,Z(^^^)  dC  =   iof ) 

b 

for  Z  ^^  ,  which  is  of  the  same  type  as  equation  (5.9)  for  the 
operator   Z   -  1  .   Under  appropriate  conditions,  similar  to  those 
formulated  in  Section  6,  one  can  prove  the  existence  of  an  opera- 
tor  z},  '   which  satisfies  condition  (8,26)  and  which  approaches 
zero  with  t~    , 

,(K) 


Z^^^  '  {x  )    ^  — >  0     as   T  — >  00 


s 


The  operator  ii/^  defined  by  (0.21)  then  satisfies  the 
SchrBdin.'rer  equation  (6,1)  and  possesses  the  asymptotic  expansion 


.c^i    ■      tli!  --^     1 


-)  I 


K 


(9.27)  ^^     ~  W3  ZZMo-^'^ji"^^  Y, 

up  to  the  order  K  » 


9,   Hamlltonian  Operators  With  Continuous  Spectra 

We  proceed  to  discuss  the  adlabatlc  theorem  In  cases 
where  the  energy  operators  have  continuous  spectra.  We  make  sever* 
al  simplifying  assumptions.  We  first  assume  that  the  spectrum  of 
H   is  purely  continuous,  extending  over  a  half -infinite  interval 
H  <  h  <  00  ;  here  jx  Is  a  positive  number.  Moreover,  we  assume 
that  for  all  values  of  s  the  spectra  of  the  operators  H   are 
the  same,  Including  multiplicities.  Accordingly,  we  may  take  as  ' 
label  operator  N   the  energy  H   itself  together  with  appro- 
prlate  "angular"  variables  A    , 


(9.1)  N3  =     H3  ,  A3 


The  eigenvalues  of  H  and  A_   will  be  denoted  by  h  and   a  ; 

s       s 

the  eigenvalue  of  N  Is  then 

(9.2)  n  =  h,  a 


The  function  h  (n),  used  to  express  the  operator  H   as  Hg  =  ■'^s^^s^ 
in  terms  of  N   ,  see  (2.2),  now  simply  becomes 


•'jl  :^^ 


J- 


.V'  i. 


■  (:~h 


■il:^tiri 
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(9.3)  hg(h,a)   =  h  ; 

it  is  evidently  Independent  of   s  .   Similar  variables   h  and 
a  were  used  by  Snyder  [9]  • 

Relation  (2,1)  now  takes  the  form 

(9.i^)  •H3  =  u3H^u;^     , 

(9.5)  A3   =  u3A^u;^   . 

It  is  sufficient  to  make  sure  that  relation  (9.14-)  can  be  satisfied 
by  an  appropriate  unitary  operator  U   ;   relation  (9.5)  may  then 
simply  serve  to  define  the  operator  A3   in  terms  of  A^ 
Precise  conditions  on  the  disturbance  operator 

(9.6)  V3  =  H^  -  H3 

under  which  a  unitary  operator  U_   exists  such  that  relation 
(9.ij.)  holds  were  formulated  in  earlier  papers  [3,5]  •   A  class 
(R)  of  operators  Q  was  introduced  by  the  condition  that  the 
functional  operator  Q  can  be  an  integral  operator  0  of  the  class 
(R)  the  operator   1   Q  whose  N   -  representer  is  a  singular  inte- 
gral operator  with  a  symbolic  kernel  which  can  be  written  in  the 
form 

(9.9)_   (h,al  r_0|h' ,a' )  =  2iii6_(h-h' )(h,a|o|h' ,a' )  , 
In  which  the  abbreviation 


:.ra;      d 
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(9.10)^  6^(z)   =   ^  5(2)  +  ^ 

has  been  used.   The  operator   f^   is  obtained  from   |_  by  sub- 
stituting -i   for   i   , 

(9.9)^         (h,air+Q|h',a')  =  27xl5_^(h-h' )(h,a|Q|h',a)   . 

Among  the  various  equivalent  unitary  operators   U^ 
there  is  one  which  is  of  the  form 

(9.11)  Wg   =   1  +  r_  Rg 

in  which  R_   is  an  integral  operator  of  class  (R)  .   This  fact 
was  also  proved  earlier  [3,5]  .  Ve  have  used  the  notation  W^ 
for  this  special  operator  U_   because,  as  we  shall  show,  the 
operator  W   is  the  one  that  enters  the  asymptotic  description 
(3,3)  of  the  SchrBdinger  operator  Tg(T). 

Before  we  can  describe  the  special  form  of  formula  (3«3) 
in  the  present  case,  we  must  determine  the  special  form  of  the 
expression  G°(n)   defined  by  {3>»k)'      Since  the  function 
hg(h,a)  =  h  is  independent  of   s,  cf.  (9.3),  the  angle   e^   de- 
fined by  (3.i+)  is  found  as 


(9.12)  e3(h,a)   =   sh 


Consequently,  the  adiabatic  formula  (3.3)  takes  the  form 


(9.13)  Tg(n:)  ^      d  +  Q  Rg )  exp 


-  iT  sH^) 
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In  order  to  establish  this  formula  we  must  investigate 
the  properties  of  the  operator  KW  »  To  this  end  we  first  note 
that  the  inverse  of  V     is  given  by  its  adjoint 

(9.11^)  vr^    =    1  -  rX    ; 

here  R^"  is  the  Hermitian  adjoint  of  R   .   Secondly  we  state: 

under  appropriate  conditions  concerning  the  dependence  of  the 

operator  R   on  the  parameter   s ,  the  operator  R   has  a  continu- 
s  s 

ous  derivative  \7„Ro   of  class  (R)  such  that  the  derivative 


(9.15)  "^3^3  =  LV3R3 


has  the  properties  stipulated  earlier. 

In  view  of  the  definition  (I4..I)  the  operator  KW„  appears 
first  in  the  form 


(9.16)  KW3     =      1(1   -    r.RpCVgRg      . 

We  may,  however,  make  use  of  the  fact  that  the  opera- 
tors  P,  flFp » I"' ^1  •  ^2   ^^®  °^  class  (R)  and  that  the  identity 

(9.17)  i1f3_  Qp2  =  r.  Pi  r.P2  +  r.Pi  •  ^2  J 

holds  ,v  [3,i+]»   Accordingly,  we  may  write  the  operator  KV/   in 
the  form 

^         See  remark  II  in  the  appendix. 


■to-:   :^?-\::'i    •■:>■-:    '■.<  ...■'   i 


■  -   ■    ,j 


.t 


„;■ 


'  ."."N        '^  'u 
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(9.18)  K'Jg     =      C  Pg        ' 
in  which  the   operator 

(9.19)  P3  =   1  Vs^s  -   i<r_  V^R3   -  i(  IX)  V3R3 

is  again  of  class  (R).   It  is  the  form  (9.l8)  of  the  operator 

KW   which  is  decisive  for  the  following  argument. 

The  main  step  in  establishing  formula  (9.13)  consists 

in  showing  that  with  the  choice  (9.11)  of  the  unitary  operator 

VJ   ,  relation  ik*l)   holds,   G^(t)  >  0   as   t  >  00  ,   To 

s  s 

this  end  it  is  sufficient  to  prove  that  relation  F„('^) >  0 

as   T  >  CD  holds  for  s  >  0  .   The  operator  Pg  ,  defined  by 

(I4..6),  assumes  a  particularly  simple  form  in  the  present  problem, 
namely 


(9.20)       P3('r)   =   exp  ]  i  T  sHq   KWg  exp  )  -i  T  sH^ 


as  is  seen  from  (9.12)  . 

Kow,  one  of  the  main  properties  of  the  operation   |_ 
is  expressed  in  the  relation 

(9.21)     exp  jitHQ   P^Q  exp  i  -itH^    >  0     as  t  >   00  , 

see  [5,  Ul.v^ 


^         It  is  equivalent  with  the  statement 

J  5__(h-h' )(h,a|Q|h' ,a' )exp  1  it(h-h' )  V  \J/(a' ,h' )dni(a' )dh'  —>  00 

as   t  —  00   . 
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Slnce  by  (9.l6)  the  operator  KW   is  of  the  form 


Pp  ,  relation 


(9.22)    P  (t)  — >  0    as  T  — >  oo  ,   for  s  >  0   , 

ensues  and  hence  (5»7)  holds.   The  asymptotic  formula  (3»3)  in 
the  form  (9.13)  is  thus  essentially  established. 

By  using  the  notions  employed  earlier  [k,  6],  it  would 
not  be  difficult  to  make  the  foregoing  arguments  rigorous  and  to 
establish  relation  (5.7)  in  the  strict  sense  (7.l5)»  '"'e  refrain 
from  doing  so. 

10.   Asymptotic  Behavior  of  the  Schr8dinger  Operator 

The  adiabatic  formula  (9.13)  stands  for  the  relation 

(10.1)        exp/ixsHQl     (1   +    rHs)'"''Tg('T^)    —>  1      as     T    -->    oo    . 

Since  identity  (9.^4.)  implies  identity 


(10.2)  (1+  rX^^^P  l^'^  ^^oj  ""   exp  iiT  sH^j  (1  +  r^Rg) 
relation  (10.1)  is  equivalent  to  the  relation 

(      ^ 

(10.3)  exp  ji-c  sH^  ^Tg(T:)  — >  (1  +  l_Rg)    as   t  — >  oo  , 

cf.   (3.2)  and  (3.6),  or  simply  to  the  relation 

(10. U)  Tg(T)  -v^  exp>*-i   sH-lWI  +  P  Rg )   • 


"  -f  .  ' 


OK 
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For  s  =  1,  in  particular,  this  formula  becomes 

(10.5)        T-l(t)  -^  exp  I  -IT  Hj^  >  (1-1  Qr^)   . 

This  formula  is  of  particular  significance  in  the  case 
where  the  operator  H   Is  considered  as  a  "disturbed"  and  the 
operator  H-,   as  the  "undisturbed"   Hamiltonian.   For,  in  this 
case  formula  (10.1|)  answers  the  question  how  one  can  express  the 
SchrSdlngerstate   T-,(t)  |^^°^   at  the  time   t,   approximately  in 
terms  of  the  undisturbed  operator  H-,   • 

In  deriving  formula  (10.5)  it  was  assumed  that  the  dis- 
turbance  Hq  -  H-|_   is  switched  off  during  the  time  interval  from 
t  =  t^   to   t  =  t-j^  =  t^  +  T  .   The  assumption  that  the  disturbance 
is  switched  off  one  way  or  the  other  would  naturally  seem  to  be 
essential  for  the  validity  of  formula  (lO.Lj.)  .   It  is  remarkable 
that  this  is  not  so. 

Suppose  the  disturbed  Hamiltonian  H   is  kept  constant. 
Then  the  SchrBdinger  operator  is  simply   exp J  -l(t  -  t  )H  f  . 

Now  from  relation  (10.2)  for  s  =  1  and  (9.1i|)  we  deduce 


the  relation 


exp  I  1  T  Hj^   =   (14  QRi)  exp  I  1  t  Hq  I  ( 1  -  fX)   » 


whence   by    (9.21)   with     Q  =   R^ 


(10.6)  expj  1'^%V     expZ-lTH^        ~>  1   +    (^R-^ 


as       T    — >    00 


1.  O   .'"  -      I 
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or 


(10.7)  exp^-lTH^^r     ^     expj-iTHj^i     (1+    Qr-^)      . 

The  fact,  expressed  through  formula  (10.6),  that  relation 
(lO.ij.)  holds  even  if  the  disturbance   H  -  H-,   is  not  switched  off 
was  called  by  Snyder  [9]  the  "irrelevancy  of  the  adiabatlc  hypo- 
thesis". 

The  questions  just  discussed  arise  in  problems  of  scatter- 
ing.  As  mentioned  above,  the  operator  H   ,  the  actual  Hamiltonian 
at  the  time  t  =  0  ,  plays  the  role  of  the  disturbed  operator, 
while  H-,  ,  the  Hamiltonian  to  be  acting  after  infinite  time,  is 
the  undisturbed  energy  operator.   Instead  of  speaking  of  producing 
the  undisturbed  operator,  one  prefers  to  speak  of  switching  the 

disturbance  H  -  E-,    off. 
o    1 

Suppose  one  wants  to  investigate  the  switching-on  of  the 
disturbance  by  letting  the  initial  time  approach  -  od  while  keeping 
the  end  time  fixed.   Then  one  may  use  the  same  formulas  that  we 
have  given,  letting  t   be  the  end  time  and   t,  the  initial  time. 
The  SchrBdinger  operator  which  describes  the  transition  from  the 
Initial  time   t,   to  the  end  time   t   is  then  the  inverse  T^  (t  ) 
of  the  operator  T-,(t)  .   The  only  place  In  which  the  sign  of 
T  =   t,  -  t  matters  is  the  formula  (9.21).   In  its  place,  formula 


(10.8)     exp   itH^  i   I^Q  exp  j  -itH^  i 


->  0   as   t  — >  -  00  , 


t  ? 


.^'      »      -^AC 
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should  be  used,  in  which  instead  of   |_   the  operation   P  occurs, 
cf.  (9.9).   Accordingly,  all  formulas  given  remain  valid  for 
T  — >  -  CD  if  everywhere   P   is  replaced  by   |   ,  and  at  the  same 
time  R  is  replaced  by  an  appropriate  other  operator  R  in  the 
class  (R)  ,   Thus  the  adiabatic  formula 

(10.9)  TgC^)  ^  (1  +  |"^Rg)  expl-iTsH^I  =   exp  J -i  T  sR-^  i  ( 1  +  [^Rg ) 
is  obtained  from  (9.13)  and  (lO.ii-).   Its  inverse  for  s  =  1 

(10.10)  T~-'-(T)  ^^  expliTsH^/  (1-Qr'")  =  ( 1- l7R'')exp  |  iTsH-LJ 

describes  asymptotically  the  SchrBdinger  operator  tT C^)   for  the 
process  in  which  the  disturbed  energy  operator  H_   is  produced 
infinitely  slowly  at  the  time   t   from  the  undisturbed  energy 
operator  H-i   acting  at  the  initial  time   t-,/-sv-oo  .   Prom  formula 

(10.11)  exp  ji'^H-j^   exp  j -i'^H^  >  — >  1  -»-  ["^Ri   as   T  — ->  -co  , 

the  counterpart  of  formula  (10.6),  one  again  infers  the  irrelevancy 
of  the  adiabatic  hypothesis  for  the  switching-on  process. 
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11.   A  Problem  From  the  Quantum  Theory  of  Fields 

We  proceed  to  discuss  the  adiabatlc  formulas  in  the 
case  of  a  simple  problem  which  occurs  in  the  quant;im  theory  of 
fields.   Except  for  one  point  eigenvalue,  the  spectrum  of  the 
energy  operator  may  be  continuous  in  this  problem.   Nevertheless, 
the  unitary  operator  W  will  be  determined  according  to  a  rule 
which  closely  corresponds  to  the  rule  (7»2)  for  point  spectra 
and  not  to  the  rule  (9.11)  for  continuous  spectra.   In  fact,  the 
epectrum  of  the  label  operator  behaves  essentially  like  a  point 
spectrum,  as  will  be  seen,  and  this  feature  dominates.   The  cor- 
rectness of  the  result  so  obtained  can  be  verified  since  the 
SchrBdinger  equation  can  be  solved  explicitly  in  this  case. 

The  problem  concerns  the  behavior  of  a  boson  field  under 
the  Influence  of  a  charge  distribution  which  is  a  given  function  of 
time   t   and  position  x  ,  [10]  . 

The  problem  involves  functions  of  a  certain  "single 
particle  observable",  denoted  by  p  ,  which  should  be  so  chosen 
that  the  "single  particle  energy"   h  is  a  function  of  it, 

(11.1)  h  =  h(P)   . 

In  general,  the  momentum  may  serve  as  variable   p  and  then 
h(p)  =  (p,  +  IpI  )  /   with  an  appropriate  constant  ^j.  >  0  .   This 
Interpretation  of  p  ,  however,  is  not  essential  in  the  following. 
The  "field"  can  now  be  characterized  by  a  pair  of 
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"creatlon  and  annihilation  operators"  A  (p,t)   and  A'*(p,t)  , 


which  depend  on  p  and  the  time   t  .   The  operators  to  which 
A— (p,t)   reduce  for  the  initial  time   t  =  t  =  0  ,  denoted  by 
Ai(p)  ,  are  assumed  to  be  given 

(11.2)  A±(p,0)   =   A±(p)   . 

The  operators   A— (p,t)   are  to  be  solutions  of  the  differential 
equation 

(11.3)  {-   i  /^  ■*■  h)At(p,t)  =  hqi(p,t) 

with  h  =  h(p)  ,   Here   qi(p,t)  is  a  pair  of  complex  conjugate 

functions  connected  with  the  given  charge  distribution.   The 

initial  operators  A— (p)   are  to  satisfy  certain  commutation  rules 

to  be  formulated  presently. 

+       + 
Let   b,(p)  ,  bp(p)   be  two  pairs  of  complex  conjugate 

functions.   Then  we  introduce  the  abbreviations 


(ll.i^)  b*b2 


b-|_(p)b2(p)dp    ; 


here  the  integration  is  to  be  extended  over  the  whole  p-space. 
We  also  introduce  the  operators 

(11.5)    A*b"  =    A*(p)b"(p)dp   ,   b'^'A'*  =   b*(p)A'(p)dp   ; 

they  should  obey  the  commutation  rules 


'v-i- 
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(11.6)  [b*A"   ,  A^b^]   =  b*b2   , 

(11.7)  [b^A"  ,  b^A**]  =  [A"^b'  ,   A*b2]   =   0   . 
In  the  following  we  also  need  the  operator 

(11.8)  A'*"hA"  =    A"*'(p)h(p)A"(p)dp   , 
which  obeys  the  commutation  rule 


(11.9)  [b^A",  A^hA"]   =  b'^hA"    , 


[A^hA"  ,  A"''b"]   =  A^hb" 


The  solutions  of  equations  (11,3)  can  ,  of  course,  be 
given  explicitly. 


(11.10)    Ai(p,t)   =   exp 


with 


I  ±ith|  [Ai(p)  -  gi(p,t)] 


(11.11)    g-(p,t)   =   /    +   ih  exp)  "it'h  I  qi(p,t' )dt' 

One  of  the  main  tasks  in  the  theory  is  to  express  the 
operators   Ai(p,t)   in  terms  of  Ai(p)   with  the  aid  of  a  canoni- 
cal transformation  T(t)  , 


(11.12)  A±(p,t)   =   T"^(t)A±(p)T(t) 


-    » 
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Such  a  transformation  can  be  found  as  the  solution  of  the 
SchrWdinger  equation 

(11.13)       iVy^T(t)   =   H(t)T(t)   ,      T(0)   =   1 

in  which  the   Hamiltonian     H(t)    is    given  by 

(11.11+)  H(t)    =    (A"*"    -    q'^(t)h(A'   -    q"(t) 

=   A^hA"    -  A"^hq"(t)    -   q'*'(t)hA''  +    q*(t)hq'*(t)       . 

Note  that  this  Hamiltonian  H(t)  is  expressed  in  terms  of  the  opera- 
tors  Ai(p)   at  the  initial  time   t  =  0  ,  see  (11,2),  in  accordance 
with  the  general  quantum  theoretical  formalism.   Cf .  footnote  2  . 

Suppose  we  define  the  operators  Ai(p,t)   by  (11,12) 
taking  for  T(t)   the  solution  of  (11.13).   Then  we  find  that  the 
function  Ai(p,t)  satisfies  the  equation 


(11.15)    iV,7^A±(p,t)   =   [Ai(p),  H(t)] 


We  insert  the  definition  (ll.ll|.)  of  H(t)   and  employ  the  commuta- 
tion rules  (11,6),  (11.7),  (11.9)  .   Then  equation  (11.15)  reduces 
to  equation  (11.3).   Thus  it  is  seen  that  the  solution  of  (11.13) 
yields  that  of  (11.3) • 

We  now  consider  a  set  of  functions   q— (t)  =  q— (p,t)  , 

given  by 

+  t 

(11.16)  q-(t)      =      q.  for        0   <  t  <  T 

=     0  for       T  <  t        , 


■'J lit  'co   .tfi'i.. 


•><•'    i- 


.      .  s.'    «  ,t 
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In  which  q   is  a  given  function  of  s   for  0  <  s  <  1  with 


(11.17)  q-  =   0   . 

In  other  words,  we  switch  off  the  external  field  arbitrarily 
slowly.   V/e  then  try  to  find  an  approximate  description  of  the 
Schrddinger  operator 

T(t)   =  TgCT)   . 

To  this  end,  according  to  the  general  theory  developed, 
we  should  first  describe  label  operators   N   .   We  recall  that  the 

'^  3 

symbol  N   was  not  necessarily  restricted  to  mean  a  single  opera- 
tor;   it  just  as  well  could  represent  a  system  of  a  finite  number  of 
commuting  operators.   It  is  not  possible  to  set  up  such  a  finite 
system  in  the  present  problem.   It  is,  however,  possible  to  set  up 
infinite  such  systems.   Therefore,  the  theory  developed  is  not 
applicable  in  a  strict  sense  and  the  following  considerations  can 
have  only  a  heuristic  significance.  We  find  it  convenient  to  let 
N_   stand  for  an  infinite  set  of  operators  which  have  only  a  sym- 
bolic  meaning;   this  should  not  be  objectionable  since  our  argiwient 
is  only  heuristic  anyway,   (As  mentioned  above  the  validity  of  the 
results  will  be  established  from  an  explicit  expression  for  the 
Schrddinger  operator.) 

To  each  value  of  p  one  of  these  symbolic  operators  is 
assigned,  namely  the  operator 


■-,  v.  ... 


'■1  i 


-55- 

(11.18)       Ng(p)  =  (a+(p)-  q3(p))(A~{p)-  q;(p))dp   . 

Observe  the  absence  of  an  integral  sign.   Each  of  these  operators 

N  (p)   has  a  pure  point  spectrum  consisting  of  the  eigenvalues 
s 

v(p)  =  0,1,2,...   .   Actually,  the  numbers   v(p)   are  nothing  but 
the  occupation  numbers,  cf.  [lO]  .   The  fact  that  each  of  these 
operators  has  a  point  spectrum  indicates  that  for  the  determination 
of  the  operator  W   the  rule  for  point  spectra  should  be  adopted. 

The  operator  H   can  be  expressed  as  a  function  of  the 

s 

operator  N„(p)   in  the  form 
s 

(11.19)  Hg  =  ^p  h(p)  ^^(p)  . 

The  function  hg(n)   should  therefore  be  replaced  by  the  functional 

(11.20)  ^^i"]   "  ^P  ^^^^  ""^P^ 

of  the  occupation  numbers   v(p)  .   This  functional  h   is  evidently 
independent  of  s  , 

The  next  step  consists  in  determining  the  unitary  operator 
U   such  that 

(11.21)  K^Cp)   =   U3  N^(p)  u;^ 

for  each  p  ,  cf.  (2.1).   To  this  end  it  is  sufficient  to  determine 

the  unitary  operator  U   such  that 

s 

(11.22)  a1(p)  -  q^(p)   =   U3(a±(p)  -  q;(p))u;^ 


nc 


■ .  ;  !  i 


^  M 


-56- 


or,  more  properly. 


(11.23)        b"^(A"  -  q^)   =   U3b"*"(A**  -  %)^l^      , 


(A-^  -  q*)b-   =  U^{A*    -    q3)b-U;^   . 


Such  a  transformation  U   can  be  given  in  the  form 

(11.2i|)     Ug   =   exp|A+(q;  -  q")  -  ( q+  -  qJ)A~  j 

see  [10]  . 

l\'e  proceed  to  determine  the  transformation 


(11.25)  Wg  =  Ug  exp  ;i@3 

which  will  enter  the  asymptotlo  description  of   T(t)  .   In  order 
to  determine  6   we  must  evaluate  the  operator  KW  =  iW~  \  /  V/„  . 

S  S       S   ''S  s 

To  this  end  we  must  differentiate  the  operator  U   given  in  (11.2[[.) 
This  is  not  possible  directly  in  the  form  in  which  this  operator  is 
given.   However,  it  is  easy  to  do  so  after  this  operator  has  been 
written  in  the  ordered  form 

(11.26)  Ug  =  exp  -  ^(q^-qj)(q--q~)exp  A'*"(  q3-q^)exp(  q^-q*)A" 

see  [10].   Since  now  each  exponent  commutes  with  its  derivative, 
differentiation  with  respect  to   s   is  possible. 
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We  first  find 


iKU3  =  -  J 


Vs<^^3-'^o)  *  (<  -  <)\7^^^ 


+  exp  1  (q^  -  qJ)A" 


^^^%    ^^P  ((%-^s)^ 


-V.qtA- 


S  "S 


Using  the  commutation  rule 

(11.27)      exp  I  pJa"  j  A'^P2   exp  )  -  p*A"  i    = 

see   [8] ,   we   find 


:*         A 


+     - 


P2   +  P1P2      » 


(11.28)      KV/g   =   i 


(A-^  -   -■»■ 


.+/  .- 


%^\/%  \/s%^^  -  %)J  *  >-V7. 


'S^'S 


when  we  use  the  abbreviation 


(11.29) 


^.^ 


1 
7 


Vs<(^;  +  ^;)  -  ('Is  +  <)V7^<^^J 


We  now  should  go  over  to  an  N  -representation  and  deter- 
mine the  diagonal  elements  of  the  matrix  which  represents  the 
operator  KVJ    .   The  N  -representation  of  states  ^   is  their  re- 
presentation  in  terms  of  functionals  of  the  occupation  number  dis- 
tributions  v(p)  ,   To  determine  the  matrix  elements  we  should 
take  two  eigenstates  f^-"-^,  J^^^   of  N   and  form  (f^  ■"■  ^  jKV/^f  ^  ^^  )  . 
The  representers  of  these  eigenstates  would  be  functionals  which 
vanish  except  if  the  functions   v(p)   are  equal  to  two  particular 
functions   v  (p)   and   Vp(p)   respectively.   Clearly,  the  operators 
A— (p')   transform  such  an  eigenstate  ^^  '      or  ^^  ^   into  a 
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different  —  orthogonal  —  eigenstate  associated  with  a  function 
v(p)  differing  from  v^(p)  or  v^{p)      in  that   v(p')  differs  by 
+1  from  v^(p')   or   Vp(p' )  .   Clearly  then,  the  matrix  elements 
corresponding  to  the  operators   b  A   and  A  b   are  to  be  classed 
as  off-diagonal  elements. 

The  term  na     -  \7 „9        occurring  in  (11.28),  however, 
consisting  in  the  multiplication  by  a  plain  niimber,  is  to  be 
classed  as  a  pure  diagonal  matrix.   The  condition  that  diagonal 
terms  be  absent,  therefore,  leads  to  the  condition 

(11.30)  Vs  ®s  =  S   ' 


from  which  ©   can  be  determined 
s 

s 

(11.31)    03  =    ly  [q;\/^q;  -VX'  •  qj^do- 

o 


i-V  -  qV 
s    so 


+     2^%^l       -   ^o^I]      • 


Because  of  the  independence  of  the  functional  h  J  v 
from  s  ,  cf.  (11.20),  we  have 

(11.32)  /   h^(N^)dcf  =   sH^   . 


The  asymptotic  formulas  (3*3)  and  (3*5)  therefore  become 

exp  '  -iTsH„  [  U, 


o 


exp  ]  i6g 


I      s  I  s 
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For   s  =  1,  in  particular,  we  have 


(11.31+)   T„(t)  --'IlTexp/ le.  L  exp  f -ITH  1  =  exp  J  ie.   exp  f  -iH.  /  U, 

1    I    1[     I     Oj       j^   1|      I     1^   1 


with 


(11,35)  U-L   =   expi  -A'^q^  +  qt;." 


and 


(11.36)  ©1  =  -  2-  /  ^V%%  -  <\/%^^'        ' 

J  o 

because  of  (11.11+),  (11.16), 

(11.37)  H3_  =   A"*'hA" 

Formula  (11.31;)  gives  the  asymptotic  description  of  the  SchrBdinger 
operator  in  the  present  case. 

The  validity  of  the  asymptotic  description  (11,33)  can 
easily  be  deduced  from  the  exact  expression  for  the  SchrBdinger 
operator  T  ( t) .   This  exact  expression  can  be  written  in  different 
forms.   For  the  present  purpose  the  expression 


(11.38)  T,  =  e 


s 


.xpj  ip  1  exp  |^(A-'-q+)r;-rJ(A--.q;) 


exp[  -iTs(A*-q*)h(A"-q')  ^: 
\  o        O   J 


is  appropriate.   In  it 
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(11.39)      r„   =   +   iTh  exp  {  +   1t(s    -  6)h   [q^   -   q.]dcr 


and 


(ll.llO)         P3    =  [       U(qJ   -   qj)hr-    -    ^    r^h(q-    -    qj) 


d^     . 


In  order  to  verify  that  the  expression  (11,38)  is  the  solution  of 
equation  (11,13)  we  first  write  it  in  the  form 

(ll.[,l)   T3  =  exp  |lp^  -  I  ^:  r-^l  exp  f(A-^  -  q^)r;  I 


(    -■    - 


=  ®xp^'  rg(q^  -  A  )   exp 


I 


'  -1TS(A*-  q*)h(A"  -  q" 


L 


%' 


and  then  differentiate  with  respect  to  t  .   Using  the  commutation 

rules  for  exp]  A''"b"  -  b-A"*"  <  ,  cf,  [10],  we  find 

-  i  ^^p  |(A-^-^o)^;]\3^s-(A"-q;)exp  ((q;-A+)r;| 

+  T  exp  )  (A-^-q+)r;(  exp  ^^(q^-A")  ^  ( A*-q*)h( A^-q^) 


(  J 


exp|r^(A;-q;)"l  exp|q;-A*)r;| 

"V^Ps-  ?t(\7s^s)^I^">s^s  ^  -^  i(^^''-<)Vs^'I-i(Vs^s)(A"-r: 
+  X(A*-rt-q':)h(A":r--q-)  =  t:  ( A*-qt)h(  A'-q")  =  TH 


3  'o 


S   *0' 


as  desired. 
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In  order  to  determine  the  asymptotic  expansion  of  the 
expression  (11. 38)  we  start  with  the  expansion 

±      ±      ±  1  c-   + 

(11.1^2)        ^a^'^s-qs  *  iC^h)   V^qJ 
whence 

(11.1^3)  ^sPs'^?t(<-<)^s^;-Vs%-  (V7s<)(q;-%)] 

cf.  (11.29),  (11.30).  Thus,  as  seen  from  (11.33),  (11.2i|.), 
formula  (11. 38)  agrees  asymptotically  with  formula  (11,33). 
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Appendix 

Remark  I:   Since  our  notation  differs  from  that  of  Born  and 
Pock,  a  remark  may  be  added  concerning  the  significance  of  a 
time  dependent  Hamiltonian.  Although  it  would  not  be  neces- 
sary to  do  so  we  shall  interpret  the  operator  H(t)  =  H(t,  i  ) 
with  which  we  deal  as  the  Hamiltonian  energy  operator  of  a 
physical  object  in  the  sense  of  quantum  theory.   In  the  Heisen- 
berg  picture  of  this  theory,  to  every  physical  quantity  an 
operator  is  assigned  which  depends  on  the  time  t.   The  depen- 
dence of  the  operator  H  =  H(t)  on  the  time  t  should  not,  how- 
ever, be  confused  with  this  time  dependence.   The  operators 
H(t)  at  different  times  correspond  to  different  physical  quan- 
tities, and  the  operators  H(t)  are  the  operators  which  cor- 
respond to  these  different  quantities  in  the  SchrBdiinger  pic- 
ture. \Ie   may  consider  each  of  these  quantities  as  a  function 
of  the  basic  operators  of  the  object,  such  as  momentum  p  and 
position  q  if  the  object  is  a  single  particle.  -  The  operator 
H(t)  may  then  be  expressed  in  the  form 

H(t)  =  H(t,-  p(t^)  q(t^))   . 

Since  the  time  dependence  of  these  operators  in  the  Heisen- 
berg  picture  is  induced  by  the  time  dependence  of  tho  opa?ators  p 
and  q,  our  operator  at  the  time  t  =  t   becomes  H(t;p(t),q(t  )). 
This  operator  can  be  expressed  with  the  aid  of  the  Schrbdinger 
Operator  in  terms  of  H(t),  namely 

H(t;p(t'),q(t')  =  T~^(t')H(t)T(t')  . 

Born  and  Fock  denote  the  latter  operator  by  H(t  )  not  show- 
ing explicitly  its  dependence  on  t;  they  denote  our  operator 
H(t)  by  H^°^  . 
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Appendix  (2) 


t   t 


Remark  II;      in  terms  of  the  kernels  (h,a|F^|h  ,a  )  and 


t   t 


(h,a|F2!tL  ,a  )  of  P^  and  F^,    identity  (9.17)  reads 


5_(h-h")(h,a!F-L|h",a")5_(h"-h'  )  (h",a"  |F2lh' ,a'  )dm(a")dh" 

=  6_(h-h')  [  |(h,alF-,_|h",a")5_(h»-h')(h",a"lF2lh«,a' ) 

^  ^  ) 

+  5_(h-h»)(h,a|F^|h",a")(h",a"|P2|h',a' )  V  dm(a")dh» 

and  is  thus  seen  to  be  equivalent  with  the  identity 

6_(h-h")5_(h"-h' )  =  6_(h-h» )[6_(h"-h' )  +  6_(h-h")]  ; 

which  follows  from  the  identity 
1 


1  _1 
z  z 


z+z' 


z^  ^  z 


by  lettiing  z  and  z"  approach  the  real  values  h-h"  and  h"-h» 
through  complex  values  with  positive  imaginary  parts. 
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